2-piercings via graph theory  by Pendavingh, Rudi et al.
Discrete Applied Mathematics 156 (2008) 3510–3512
Contents lists available at ScienceDirect
Discrete Applied Mathematics
journal homepage: www.elsevier.com/locate/dam
Note
2-piercings via graph theoryI
Rudi Pendavingh, Quintijn Puite, Gerhard J. Woeginger ∗
Department of Mathematics, TU Eindhoven, P.O. Box 513, 5600 MB Eindhoven, The Netherlands
a r t i c l e i n f o
Article history:
Received 16 October 2007
Received in revised form 10 March 2008
Accepted 14 March 2008
Available online 2 May 2008
Keywords:
Helly-type result
Box intersection graph
Odd anti-hole
a b s t r a c t
We provide a very simple proof for a Helly-type result given by Danzer and Grünbaum on
2-piercings of box families in d-dimensional Euclidean space.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
A d-dimensional box is a rectangular parallelepiped whose edges are parallel to the coordinate axes. A family of boxes
is called n-pierceable if there exists a set of n points such that each box contains at least one of these points. Danzer
and Grünbaum [1] studied the following Helly-type question. For positive integers d and n, what is the smallest number
h = h(d, n) with the following property: A family of boxes in d-dimensional space is n-pierceable if and only if each of its
h-element subfamilies is n-pierceable. They prove the following beautiful result about 2-piercings.
Theorem 1 (Danzer and Grünbaum [1]). h(d, 2) = 3d for odd d, and h(d, 2) = 3d− 1 for even d.
The article [1] also shows that h(d, 1) = 2 for all d, that h(1, n) = n + 1 for all n, and that h(2, 3) = 16. For all other
combinations of d and n, the value h(d, n) does not exist.
In this note, we provide an extremely simple new proof for Theorem 1. Our argument shows that the problem essentially
boils down to analyzing the structure of odd anti-holes (see Section 2 for definitions). We stress that odd anti-holes show
up as an element in the lower bound construction in [1], but do not play a role in the main argument. The following two
lemmas are proved in Section 3; it is easy to see that they imply Theorem 1.
Lemma 2. For any integer d ≥ 1, the Danzer–Grünbaum threshold h(d, 2) equals the largest odd integer k for which the odd
anti-hole Ck is a d-dimensional box intersection graph.
Lemma 3. The anti-hole Ck is a one-dimensional box intersection graph if and only if k ≤ 4. For d ≥ 2, the anti-hole Ck is a
d-dimensional box intersection graph if and only if k ≤ 3d.
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2. Definitions and preliminaries
For k ≥ 3, the anti-hole Ck is a graph with k vertices v1, . . . , vk; there is an edge between vi and vj with i 6= j if and only if
2 ≤ |i− j| ≤ k− 2. An anti-hole Ck is odd if k is odd.
The underlying d-dimensional box intersection graph G = (V, E) for a d-dimensional family of boxes has for every box a
corresponding vertex; there is an edge between two vertices if and only if the corresponding boxes intersect. In this case,
we will say that the box family is a box representation of the graph, and that the graph is a graph representation of the box
family. Note that one-dimensional box intersection graphs are exactly the well-known interval graphs.
For all other graph-theoretic terminology that is used in this article but not defined here, we refer the reader to West [2].
We close this section with three straightforward observations: (1) If n ≥ 2 boxes have pairwise non-empty intersections,
then also their common intersection is non-empty. (2) A family of d-dimensional boxes is 2-pierceable if and only if the
graph-theoretic complement G = (V, V×V−E) of its graph representation G is 2-colorable. The boxes in each color class have
pairwise non-empty intersection, and hence can be pierced by a single point. (3) A graph is a d-dimensional box intersection
graph if and only if it is the intersection of d one-dimensional box intersection graphs (that correspond to the projections of
the boxes onto the coordinate axes).
3. The proofs for the two lemmas
Let us first prove Lemma 2. For d ≥ 1, let k = k(d) denote the largest odd integer for which the odd anti-hole Ck is a
d-dimensional box intersection graph.
Consider a family B of d-dimensional boxes with graph representation Ck. The graph-theoretic complement of an odd
anti-hole is an odd cycle, and hence not 2-colorable. If we remove a single box from B, then this complement becomes a path
and hence 2-colorable. Observation (2) shows that the family B is not 2-pierceable while every (k − 1)-element subfamily
of B is 2-pierceable. This proves h(d, 2) > k− 1.
To prove h(d, 2) ≤ k, consider a family B of boxes in d-dimensional space such that each of its k-element subfamilies is
2-pierceable. Consider the complement G of the underlying graph representation for B. We claim that G is 2-colorable: If
not, consider the shortest odd cycle C in G. This cycle is an induced cycle, since any chord would yield a shorter odd cycle.
The number of vertices in C cannot be greater than k (since then the intersection graph of the boxes in C would form an odd
anti-hole on at least k+ 2 vertices, and contradict the definition of k). It also cannot be less than or equal to k (since then the
boxes in C would form a non-2-pierceable subfamily with at most k boxes, and contradict the choice of B). Hence C does not
exist, G is 2-colorable, and B is 2-pierceable.
Now let us prove Lemma 3. Since the cases with d = 1 are well known, we will only discuss the cases with d ≥ 2. For
the ‘only if’ part, we consider an anti-hole Ck that is a d-dimensional box intersection graph. Then by Observation (3), Ck is
the intersection of the d one-dimensional box intersection graphs that correspond to the projections on the coordinate axes.
By the following lemma, every projection can remove at most three edges from the complete graph. Since Ck is a complete
graph minus k edges, we derive k ≤ 3d.
Lemma 4. Let k ≥ 5. If a one-dimensional box intersection graph on k vertices contains the anti-hole Ck as a subgraph, then it
has at least
(
k
2
)
− 3 edges.
Proof. Let I1, . . . , Ik denote the intervals that correspond to vertices v1, . . . , vk in the anti-hole such that Ii∩ Ij 6= ∅whenever
2 ≤ |i − j| ≤ n − 2. Assume that two intervals with consecutive indices, say I2 and I3, do not intersect. Without loss of
generality, we assume that I2 lies to the left of I3. Let x be the right endpoint of I2, and let y be the left endpoint of I3; clearly
x < y. Since the k − 4 intervals I5, . . . , Ik all intersect I2 and I3, they all contain both points x and y. We distinguish three
cases.
• x 6∈ I4: Since I4 ∩ I2 6= ∅, I4 lies to the left of x. Since I1 intersects I3 and I4, we get x ∈ I1. Then x lies in all intervals except
I3 and I4.
• y 6∈ I1: Since I1 ∩ I3 6= ∅, I1 lies to the right of y. Since I4 intersects I1 and I2, we get y ∈ I4. Then y lies in all intervals except
I1 and I2.
• x ∈ I4 and y ∈ I1: Since I1 ∩ I4 6= ∅, I1 and I4 both contain a point z with x ≤ z ≤ y. Then z lies in all intervals except I2 and
I3.
In all three cases we have identified a clique on k−2 vertices that allows at most three non-edges in the one-dimensional
box intersection graph. 
Finally, let us prove the ‘if’ part of Lemma 3. We will only show that the anti-hole C3d is a d-dimensional box intersection
graph. The remaining cases for Ck with k < 3d can be settled by an analogous construction.
The case with d = 1 and anti-hole C3 is trivial. For d ≥ 2, our building block is the following family Fq of 3d intervals:
Iq−1 = [0, 3]; Iq = [4, 5]; Iq+1 = [0, 1]; Iq+2 = [2, 5]; and Ij = [0, 5] for all other j ∈ {1, . . . , 3d}. (Index j and index j + 3d
refer to the same interval.) The intersection graph of these intervals contains all edges except the three edges between q−1
and q, between q and q + 1, and between q + 1 and q + 2. These are exactly the three edges incident to q and q + 1 that do
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not occur in the anti-hole. On the ith coordinate axis (1 ≤ i ≤ d), we use the interval family F3i−1. The intersection of these
d one-dimensional box intersection graphs is C3d, and it is easy to find the corresponding d-dimensional boxes from their
projections.
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